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Abstract
In this paper we generalize the results of arXiv:0806.4758 to non-zero value J of angular
momentum in S5. We compute the 1-loop correction to the energy of the folded spinning
string in AdS5 × S5 in the particular limit of slow short string approximation. In this
limit the string is moving in a near-flat central region of AdS5 slowly rotating in both
AdS5 and S
5. The one-loop correction should represent the first subleading correction to
strong coupling expansion of the anomalous dimension of short gauge theory operators of
the form TrDSΦJ in the SL(2) sector.
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1 Introduction
The folded rotating string moving in AdS3 [1, 2] was extensively used recently to uncover
the integrable structure underlying the spectrum of planar N = 4 SYM theory and the free
AdS5 × S5 superstring theory. The classical energy of this configuration is proportional to the
string tension, i.e. E0 =
√
λ E(S), where S is the scaled spin S = S√
λ
. The particular limit
that proved to be very useful in connection to gauge theory, is the large S limit where one
finds at leading order [1]: E0 = S+
√
λ
π
lnS + subleading terms. The extension beyond the lnS
order was carried out in [3, 4], and precisely the same structure was obtained on both string
and gauge theory side in the large S limit.
For the folded spinning string solution, the radial coordinate ρ of the global AdS5 space
(ds2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ23) is expressed in terms of an elliptic function of the
spatial string coordinate σ and thus finding the explicit form of the 1-loop correction [5] to the
energy E1 of this soliton solution of 2d string sigma model appears to be technically challenging.
The analytic form of the quantum correction can be found in the limit of large S when the
ends of the string reach the boundary of the AdS5. Then the solution drastically simplifies (ρ
becomes piece-wise linear in σ) [5, 6] and one finds that E1 = c1 lnS+ ..., c1 = −3 ln 2. Beyond
the lnS order, the “long string” no longer touches the boundary but it is close to it, and one
can still compute the 1-loop correction to energy [4].
The folded spinning string solution with non-zero spin J in S5, and large S limit was also
studied. The comparison of the strong-coupling string theory expansion in the limit λ≫ 1 with
J = J√
λ
, S = S√
λ
, ℓ ≡ J
lnS=fixed and ℓ < 1 with the weak coupling gauge theory expansion
of anomalous dimensions of sl(2) sector operators in the limit λ ≪ 1 with J ≫ 1, S ≫ 1,
j = J
lnS
=fixed and j < 1 was analyzed in detail in [5, 6, 7, 8, 9, 10, 11].
Most of the remarkable progress achieved in understanding the spectra of free AdS5 × S5
superstring theory and of planar N = 4 SYM theory was restricted to a sector of gauge
theory operators with large number of fields/derivatives or strings with large values of quan-
tum numbers like spins. It is important to try to learn more about dimensions/ energies of
“short”operators/strings. For this purpose it would be very useful to understand the Bethe
Ansatz beyond the asymptotic regime. Another step is to study the energy of strings carrying
parametrically small values of spins.
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Motivated by the desire to shed light on this issue, in [12] it was studied the folded spinning
string in the small S limit. Since rotation of the string balances the contracting effect of its
tension, smaller values of the spin correspond to smaller values of the length of the string
whose center of mass is at ρ = 0. S essentially measures the length of the string. Having in
view the success of “long folded” string in describing the corresponding minimal gauge theory
operator Tr (DSΦJ) in the large S limit, one is tempted to conjecture that the “short string”
limit describes the operator with finite S.
Since the AdS5 space is nearly flat at the vicinity of ρ = 0, the slowly rotating (i.e. small)
string with S ≪ 1 should have essentially the same classical energy as in flat space [1], i.e.
E0 =
√
2
√
λS + O(S
3
2 ). This is indeed the case as was shown in [12]. The 1-loop correction
of the first two leading terms in the small spin expansion were found explicitly in [12]. In this
paper we consider the generalization of the “slow string” limit by adding a small spin J = J√
λ
in S5. More precisely, we study both the classical energy and 1-loop quantum corrections to
the energy of the slowly rotating “short string” S ≪ 1, J ≪ 1 with u ≡ J 2S = J
2
S
√
λ
fixed. This
generalization is potentially important as it allows one to relate the corresponding string states
to operators like Tr(DS+Φ
J) in the closed sl(2) sector of the SYM theory (with J having the
interpretation of the length of the corresponding spin chain [13]).
Our results can be summarized as follows. Given the energy E(S, J, λ) of the corresponding
state in the AdS/CFT spectrum we may expand it at large λ with S = S√
λ
and J = J√
λ
fixed,
i.e. in the semiclassical string limit. Expanding then in the limit S ≪ 1, i.e. S ≪ √λ, with
u = J
2
S
√
λ
fixed1 and reexpressing E as a function of S, J and λ one is to find
E(S, J, λ) = λ1/4
√
S
√
u+ 2
[
h0(λ, u) + h1(λ, u)S + h2(λ, u)S
2 + ...
]
, (1.1)
hn(λ, u) =
1
(
√
λ)n
[an0(u) +
an1(u)√
λ
+
an2(u)
(
√
λ)2
+ ...] . (1.2)
In the classical string theory limit
a00(u) = 1 , a10(u) =
2u+ 3
4(u+ 2)
, a20 = −2u[2u(u+ 5) + 17] + 21
32(u+ 2)2
, ... (1.3)
1This scaling is implied by the classical energy E0 =
√
J 2 + 2S√1 + J 2 + .... We consider the limits with
both S and J small.
3
while our 1-loop string computation gives
a01(u) = 0 , a11(u) =
41− 8u(u− 1)− 32ζ(3)
32(u+ 2)
,
a21(u) =
A0 + A1u+ A2u
2 + A3u
3 + A4u
4
32(u+ 2)2
, ... (1.4)
where
A0 = −7566 + 5344ζ(3) + 3840ζ(5), A1 = −10671 + 7504ζ(3) + 4992ζ(5),
A2 = −4425 + 3408ζ(3) + 576ζ(5), A3 = −96 + 736ζ(3)− 672ζ(5),
A4 = 192 + 96ζ(3)− 96ζ(5) . (1.5)
Since the leading λ1/4
√
S
√
u+ 2 term is essentially the same as that of a folded spin-
ning string solution in the flat-space string theory, it is natural to conjecture, as in [12], that
h0(λ, u) = 1 to all orders in string coupling expansion. This was already confirmed by 1-loop
computation in [12]. One may, of course, consider formally any particular limit of u in the string
expression (1.1). In particular the small u limit represents the situations when semiclassical
spin in S5 is much smaller then the corresponding spin in AdS5, while large u limit is the other
way around2.
The strong coupling string theory expansion (1.1) could be naively compared with the weak
coupling gauge theory expansion for the anomalous dimension of operator TrDSΦJ in the sl(2)
sector in the limit λ ≪ 1 with integer fixed spins J, S, and then analytically continued to
small S with l ≡ J2
S
=fixed. However, as in the case with J = 0 (see below) or the case of a
similar expansion in the large S limit with fixed J
lnS , one expects to need a resummation in all
arguments (λ, S, J) in order to compare the string and gauge theory expansions.
To recover the J = 0 limit in the short string case we take u = 0 in (1.1). Then the energy is
E(S, λ) = λ1/4
√
2S
[
1 + (a10 +
a11√
λ
+ ...)
S√
λ
+ (a20 +
a21√
λ
+ ...)
S2
λ
+O(S3)
]
, (1.6)
where
a10 =
3
8
, a20 = − 21
128
, a11 =
41
64
− 1
2
ζ(3) ≈ 0.039 ,
a21 = −1261
1024
+
167
192
ζ(3) +
5
8
ζ(5) ≈ 0.4622 . (1.7)
2In both cases both semiclassical spins J ,S are small, i.e. J ,S ≪ 1.
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The coefficient a11 was already obtained in [12]. Here we compute the 1-loop correction to order
S
5
2 . Interestingly, at least to this order, only ζ-functions of odd argument appear. As already
mentioned, the structure of this small S expansion cannot be easily compared with a gauge
theory result3. In the gauge theory, the spin S is an integer and its analitical continuation to
small values is a very difficult problem due to the intrinsic dependence of the mixing structure on
the integer S as explained in [14] (see also [15] for a fully understood S → −1 continuation). A
remarkable simplification occurs in the special case of twist-2 operators tr(ΦDS+Φ) belonging to
the SL(2) sector, where Φ is complex scalar, computed at fixed S in weak coupling perturbation
theory. In this case, the anomalous dimension of the scaling field is known as a closed function
of the spin (see, e.g., [16]) and can be analytically continued to small S.
γ(λ, S) = q1(λ)S + q2(λ)S
2 +O(S3) , λ≪ 1, , (1.8)
where
q1(λ) = d11λ+ d12λ
2 + ... , q2(λ) = d21λ+ d22λ
2 + ... , .... (1.9)
However, even in this case, to relate the “small spin” string theory (1.6) and gauge theory (1.8)
expansions one would need to resum the series in both arguments (λ, S). It would be certainly
very interesting if one can resum the series on at least one side of the duality, and then be able
to effectively compare the two sides.
The rest of the paper is organized as follows. We start in section 2 with a review of the
folded spinning string solution in AdS5 × S5 and its small spins expansion. We also consider a
similar solution with two spins in flat space.
In section 3 we shall first recall the general expression for the quadratic fluctuation Lagrangian
L˜ [5] of the AdS5×S5 superstring [17] near the folded spinning string solution. We also review
the method used in [12] to compute the 1-loop correction. In subsection 3.1 we expand the
coefficients in L˜ in the small spin or short string parameter ǫ, and explicitly compute the 1-loop
correction at order O(ǫ4). The ǫ expansion may be viewed as a particular case of a near flat
3This is in contrast to the large spin or “long string” limit where the limits of large λ and large S appear to
commute. The perturbative string theory and perturbative gauge theory limits are in fact different as limits of
functions on the two-parameter space (λ, S): in string theory one assumes λ≫ 1 with S = S√
λ
fixed and then
takes S large for long string, or S small for short string; in gauge theory one assumes λ≪ 1 with S fixed and
then takes S large for long string, or keeps it finite or formally expand in small S for short string.
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space expansion of the quantum AdS5×S5 superstring. As was already found in [12], we indeed
observe that the leading O(ǫ) term in the 1-loop string energy vanishes.
In subsection 3.2 we shall expand the 2d determinants that enter the expression for the 1-loop
partition function further at O(ǫ6) order in ǫ, and explicitly compute the 1-loop correction to
the short string at order O(S
5
2 ).
In Appendix A we present some details of the contributions from various fields to the 1-loop
correction at order O(ǫ4).
In Appendix B we show details of the exact computation of the integrals that appear after
summations. Remarkable, the integrals can be done exactly, and thus 1-loop coefficients can
be obtained exactly.
2 Short string limit of folded spinning string solution
Let us start with a review of the classical solution for the folded string spinning moving in
AdS5 × S5,
t = κτ, φ = wτ, ϕ = J τ, ρ = ρ(σ) , ds2 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dφ2 + dϕ2 ,
(2.1)
where
ρ′2 = κ2 cosh2 ρ− w2 sinh2 ρ − J 2. (2.2)
ρ varies from 0 to its maximal value ρ∗
coth2 ρ∗ =
w2 − J 2
κ2 − J 2 ≡ 1 +
1
ǫ2
, (2.3)
where as in [12] we introduced a parameter ǫ. Here J = J√
λ
plays the role of the semiclassical
S5 momentum parameter and ǫ measures the length of the string; indeed one can see this by
expanding ρ∗ = ǫ− 16ǫ3 + ... in small ǫ. The solution of the differential equation (2.2), i.e.
ρ′ = ±
√
κ2 −J 2
√
1− ǫ−2 sinh2 ρ , ρ(0) = 0 (2.4)
can be written in terms of a Jacobi elliptic function
sinh ρ = ǫ sn(
√
κ2 − J 2ǫ−1σ, −ǫ2) . (2.5)
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The periodicity condition, and the charges are
√
κ2 −J 2 = ǫ 2F1
(
1
2
,
1
2
; 1;−ǫ2
)
, E0 ≡ E0√
λ
=
κ√
κ2 −J 2 ǫ 2F1
(
−1
2
,
1
2
; 1;−ǫ2
)
,
S ≡ S√
λ
=
w√
κ2 −J 2
ǫ3
2
2F1
(
1
2
,
3
2
; 2;−ǫ2
)
, J = J
√
λ . (2.6)
To consider the short string limit we expand as in [12] in small ǫ while keeping J arbitrary.
Then we find
E20 = J 2 + ǫ2(1 + J 2) +
ǫ4
2
(
1 +
J 2
4
)
− ǫ
6
32
+
(
1
64
− 5J
2
1024
)
ǫ8 +O(ǫ10) (2.7)
S2 = ǫ
4
4
(1 + J 2) + ǫ
6
16
(1− J 2) + 9
256
(J 2 − 1)ǫ8 +O(ǫ10) (2.8)
i.e.
ǫ2 =
2S√
1 + J 2 +O(S
2) , E20 = J 2 + 2S
√
1 + J 2 +O(S2) . (2.9)
The short string limit ǫ ≪ 1 [5] can thus be achieved by, e.g., considering a slowly spinning
string S ≪ 1 or by assuming large momentum in S5, i.e. J ≫ 1. In this paper we concentrate
in the slow short string limit where we have ǫ≪ 1, S ≪ 1 and J ≪ 1. Fixing the ratio u ≡ J 2S
and taking the limit of small S ≪ 1, the parameter ǫ and the classical energy are expressed as
ǫ =
√
2S − 2u+ 1
4
√
2
S 32 + 27 + 4u(5u+ 11)
64
√
2
S 52 +O(S 72 ) , (2.10)
E0 =
√
u+ 2
√
S + (2u+ 3)
4
√
u+ 2
S 32 − 21 + 2u[17 + 2u(u+ 5)]
32(u+ 2)
3
2
S 52 +O(S 72 ) . (2.11)
In section 3 we will find the 1-loop correction to this classical energy for arbitrary u.
The above small spin expansion (2.11) is an example of a near flat space expansion: the
leading-order in S energy can be identified with the energy of folded spinning string solution
in the flat space
t = kτ , ρ = ǫ sin σ , φ = τ , ϕ = J τ, ds2 = −dt2 + dρ2 + ρ2dφ2 + dϕ2 , (2.12)
where here ǫ is an arbitrary constant amplitude. The energy and the spin then satisfy the usual
flat-space Regge relation (we use string tension T =
√
λ
2π
)
E0 =
√
ǫ2 + J 2
√
λ , S =
ǫ2
2
√
λ , i.e. E0 =
√
2S + J 2 . (2.13)
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In the flat space case this is the exact expression for any values of the spins S and J , which
also does not receive quantum corrections.
We can further consider particular limits of small and large u respectively in the energy
(2.11). To make the connection to the J = 0 case let us expand the classical energy in the
limit when the S5 rotational energy is smaller than the spinning one, i.e. J ≪ √S ≪ 1. In
this limit ǫ is expressed as
ǫ =
√
2S − 1
4
√
2
S3/2
(
1 +
2J 2
S
)
+
27
64
√
2
S 52
(
1 +
44
27
J 2
S +
20
27
J 4
S2
)
+O(S 72 ) , (2.14)
and the classical energy has the following expansion
E0 =
√
2S
(
1 +
J 2
4S + ...
)
+
3
4
√
2
S3/2
(
1 +
5J 2
12S + ...
)
+
− 21
64
√
2
S 52
(
1 +
73
81
J 2
S + ...
)
+O(S 72 ). (2.15)
The other limit of large u means
√S ≪ J ≪ 1. In this limit the classical energy (2.11) can
be expanded as (E0 =
√
λE0)
E0 = J
(
1 +
√
λ
S
J2
− λ S
2
2J4
+ ...
)
+
SJ
2
√
λ
(
1 +
√
λ
S
2J2
− λ 32 S
3
4J6
+ ...
)
− λ− 32 SJ
3
8
(
1 + 2
√
λ
S
J2
+ λ
S2
J4
+ ...
)
+O(SJ5) (2.16)
Let us note that, despite the expectation that this is a BMN type limit, i.e. energy going in
powers of λ, this is in fact not the case. This difference appears because in order to obtain
(2.16) we take the limit of small S with u fixed, and then large u, while in the BMN case one
should take the limit of large J first with JS fixed, and then taken large.
3 1-loop correction to the energy
Expanding the AdS5 × S5 superstring action in conformal gauge to quadratic order in the
fluctuations near the folded spinning string solution one finds [5]
S˜ = −
√
λ
4 π
∫
dτ
∫ 2π
0
dσ (L˜B + L˜F ), (3.1)
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where the bosonic quadratic fluctuation Lagrangian is
L˜B = −∂a t˜∂at˜− µ2t t˜2 + ∂aφ˜∂aφ˜+ µ2φφ˜2
+ 4ρ˜(κ sinh ρ ∂0t˜− w cosh ρ ∂0φ˜) + ∂aρ˜∂aρ˜+ µ2ρρ˜2
+ ∂aβu∂
aβu + µ
2
ββ
2
u + ∂aϕ∂
aϕ+ ∂aχs∂
aχs + J 2χ2s , (3.2)
where
µ2t = 2ρ
′2 − κ2 + J 2, µ2φ = 2ρ′2 − w2 + J 2, µ2ρ = 2ρ′2 − w2 − κ2 + 2J 2,
µ2β = 2ρ
′2 + J 2 , µ2F = ρ′2 + J 2 . (3.3)
The two bosons βi (i = 1, 2) are two AdS5 fluctuations transverse to the AdS3 subspace in
which the string is moving, while the ϕ, χs (s = 1, 2, 3, 4) are fluctuations in S
5.
The fermionic lagrangian describes a system of 4+4 2d Majorana fermions
L˜F = 2 i (Ψγa∂aΨ− µF ΨΓ234Ψ). (3.4)
Rotating to Euclidean time, τ → iτ , and introducing the infinite time interval T , we can write
L˜B = (t˜, φ˜, ρ˜)Q (t˜, φ˜, ρ˜)T , (3.5)
where the Q operator is
Q =


∂20 + ∂
2
1 − µ2t 0 −2 i κ sinh ρ ∂0
0 −∂20 − ∂21 + µ2φ 2 i w cosh ρ ∂0
2 i κ sinh ρ ∂0 −2 i w cosh ρ ∂0 −∂20 − ∂21 + µ2ρ

 . (3.6)
Since t = κτ the 1-loop correction to string energy is given by
E1 =
Γ1
κT , T ≡
∫
dτ →∞ . (3.7)
The effective action Γ1 is computed in terms of the logarithm of a ratio of functional determi-
nants. As was discussed in [12], since the fluctuations Lagrangian does not depend on σ we
can reduce the two-dimensional functional determinants to one-dimensional ones (here V (σ) is
a generic operator) just by tracing over the temporal dependence
ln det[−∂21 − ∂20 + V (σ)] = T
∫
dω
2π
ln det[−∂21 + ω2 + V (σ)] . (3.8)
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Hence, the 1-loop correction to the energy can be written as
Γ1 = − lnZ1 = − T
4π
∫ ∞
−∞
dω ln
det8[−∂21 + ω2 + µ2F ]det[−∂21 + ω2]
det2[−∂21 + ω2 + µ2β] det4[−∂21 + ω2 + J 2]det[Qω]
, (3.9)
where Qω = Q(∂0 → iω). The determinant of the massless operator in the numerator comes
from one of the two conformal gauge ghost contributions. The other ghost contribution cancels
one of the massless mode from S5. The exact computation of these determinants is a challenging
problem due to the complicated form of the solution ρ = ρ(σ). In this paper we follow the
prescription developed in [12] and compute the determinants in (3.9) perturbatively in small ǫ
expansion.
3.1 Correction at order O(ǫ4)
We are interested in computing the 1-loop correction to the energy in the limit
√S ≪ 1 with
u = J
2
S fixed. To accomplish this we take ǫ to zero while keeping the parameter x ≡ Jǫ fixed,
i.e. scaling J to zero together with ǫ so that
√
u
2
= J√
2S ≈ x remains finite. Therefore, we will
get the 1-loop correction to the classical energy (2.11). We can then further expand in small u
and recover the case of J ≪ √S ≪ 1. The 1-loop correction in this particular case corresponds
to the classical energy (2.15).
Setting J = ǫx, we proceed by expanding the fluctuation Lagrangian in small ǫ. The
parameters κ, w and the string profile can be expanded as
κ = ǫ
√
x2 + 1− ǫ
3
4
√
x2 + 1
+O(ǫ5) (3.10)
w = 1 +
1
4
(
2x2 + 1
)
ǫ2 − 1
64
[
8
(
x4 + x2
)
+ 7
]
ǫ4 +O(ǫ6) (3.11)
ρ(σ) = ǫ sin σ +
ǫ3
12
sin σ (sin2 σ − 3) +O(ǫ5). (3.12)
The proportionality factors that appear in the coupled part of the fluctuation Lagrangian are
expanded as
κ sinh ρ = ǫ2
√
x2 + 1 sin σ − ǫ4 (x
2 cos 2σ + x2 + cos 2σ + 3) sin σ
8
√
x2 + 1
+O(ǫ6), (3.13)
w cosh ρ = 1 +
ǫ2
4
(
2x2 + 2 sin2 σ + 1
)
+
ǫ4
64
(−8x4 − 8x2 cos 2σ + cos 4σ − 8)+O(ǫ6)
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The masses are
µ2t = ǫ
2 cos 2σǫ2 +
(
1
4
sin2 2σ − 1
2
cos 2σ
)
ǫ4 + · · · , (3.14)
µ2φ = −1 +
(
cos 2σ +
1
2
)
ǫ2 +
(
5
32
− cos4 σ
)
ǫ4 + · · · , (3.15)
µ2ρ = −1 +
(
cos 2σ − 1
2
)
ǫ2 +
(
−1
2
cos 2σ − 1
8
cos 4σ +
9
32
)
ǫ4 + · · · , (3.16)
µ2β =
(
x2 + cos 2σ + 1
)
ǫ2 − ǫ4 cos4 σ + · · · , (3.17)
µ2F =
(
x2 + cos2 σ
)
ǫ2 − 1
2
ǫ4 cos4 σ + · · · . (3.18)
The expansion of the operator Qω has the form Qω = Q
(0)
ω + ǫ2Q
(2)
ω + ǫ4Q
(4)
ω + . . . where
Q(0)ω =


−n2 − ω2 0 0
0 n2 + ω2 − 1 −2ω
0 2ω n2 + ω2 − 1

 , (3.19)
Q(2)ω =


− cos(2σ) 0 2ω√x2 + 1 sin σ
0 cos(2σ) + 1
2
−1
2
ω
(
2x2 + 2 sin2 σ + 1
)
−2ω√x2 + 1 sin σ 1
2
ω
(
2x2 + 2 sin2 σ + 1
)
cos 2σ − 1
2

 , (3.20)
Q(4)ω =


1
4
(
2 cos(2σ)− sin2(2σ)) 0 Q13
0 5
32
− cos4 σ Q23
−Q13 −Q23 132(−16 cos 2σ − 4 cos 4σ + 9)

 . (3.21)
where
Q13 = −ω [x
2 + (x2 + 1) cos 2σ + 3] sin σ
4
√
x2 + 1
, Q23 = − 1
32
ω
[
cos 4σ − 8 (x4 + x2 cos 2σ + 1)] .
(3.22)
In the σ-independent leading operator Q
(0)
ω we have replaced ∂1 → in as suitable for periodic
fields. In order to compute perturbatively in ǫ the logarithm of the determinants appearing in
(3.9) we use the expansion
ln det[1 + ǫ2B + ǫ4C + ǫ6D] = ǫ2TrB + ǫ4
(
TrC − 1
2
TrB2
)
+ (3.23)
+ǫ6
(
TrD − Tr (B C) + 1
3
TrB3
)
+ · · · , (3.24)
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where B represents the product of the propagator at leading order in ǫ and the order ǫ2 expan-
sion, i.e. for the coupled part B = [Q
(0)
ω ]−1Q
(2)
ω , and C and D are products of propagators and
expansions in ǫ at orders ǫ4, and ǫ6 respectively.
At order ǫ2 the result was already obtained in [12]. It was showed that the 1-loop correction
to (2.11) at order
√
S vanishes. This is expected since at that order the string energy is the
same as in flat space. Here we compute the 1-loop correction to order O(ǫ4).
To evaluate the traces in (3.24) we insert as in [12] a complete set of eigenstates of the
“unperturbed” operator Q
(0)
ω . In the case of the decoupled bosons and fermions these states
are simply
〈σ|n〉 = 1√
2 π
ei n σ. (3.25)
In the case of the coupled Q system, it is convenient to first rotate (t˜, φ˜, ρ˜) in order to diagonalize
Q
(0)
ω . We do this by replacing
Q(n)ω → R−1Q(n)ω R, (3.26)
where
R =


1 0 0
0 1
2
1
2
0 − i
2
i
2

 (3.27)
In this basis, the eigenstates are defined as
〈σ|n〉I = 1√
2 π
ei n σ (1, 0, 0)T , 〈σ|n〉II = 1√
2 π
ei n σ (0, 1, 0)T , (3.28)
〈σ|n〉III = 1√
2 π
ei n σ (0, 0, 1)T . (3.29)
After diagonalization the momentum-space propagator corresponding to Q
(0)
ω is
(Q(0)ω )
−1 →


− 1
n2+ω2
0 0
0 1
n2+(ω+i)2
0
0 0 1
n2+(ω−i)2

 , (3.30)
Since the propagator does not have standard massless form, we perform, as in [12], w-shifts
in denominators that contain n2 + (ω ± i)2 so that we put propagators in standard form, i.e.
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denominators n2 + ω2. More precisely we write products of propagators as 1
a b
= 1
a−b
(
1
b
− 1
a
)
,
and we perform ω-shifts in individual terms as needed.
Using (3.24) we compute the contribution to the logarithm of the partition functions from
the various fields as they appear in (3.9). The order O(ǫ4) the result can be written as
Γ1 = − T
4 π
X(4) ǫ4 +O(ǫ6), (3.31)
κE1 =
Γ1
T = −
1
4 π
X(4) ǫ4 +O(ǫ6) , (3.32)
where the quantity X(4) takes the form
X(4) =
∫ ∞
−∞
dω
∑
n∈Z
X(4)n (ω). (3.33)
As in [12], to isolate the modes constant in σ, we drop the n = 0 contributions from the sums
over n. Also, the prescription established in [12] is to perform the sum over modes first and
then the integral over ω 1. Implementing this prescription in a Mathematica code we find that
remarkably the sums over n can be done exactly and we obtain that the explicit value of the
sum X(4)(ω) is a polynomial in x2 (some details of the computation are presented in Appendix
A)
X(4)(ω) = X(4,0)(ω) +X(4,2)(ω) x2 +X(4,4)(ω) x4, (3.34)
where
X(4,0)(ω) =
π2 (ω2 + 1) csch2(πω)
2ω2
+
π (5ω2 + 4) coth(πω)
8ω3 (ω2 + 1)
− 1
8 (ω2 + 1)
+
+
7
16 (ω2 + 4)
− 5
8ω2
− 1
(ω2 + 1)2
− 1
ω4
, (3.35)
X(4,2)(ω) = − 1
(ω2 + 1)2
, X(4,4)(ω) =
1
2ω2
− 1
2
π2csch2(πω). (3.36)
Remarkably, the resulting integral over ω can also be computed exactly and we obtain
X(4) =
∫ ∞
−∞
dω
[
X(4,0)(ω) +X(4,2)(ω) x2 +X(4,4)(ω) x4
]
= π
(
− 41
32
+ ζ3 − 1
2
x2 + x4
)
.(3.37)
1If we perform the integral over ω first we get a different result. This is related to a regularization anomaly
discussed in Appendix B in [12].
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3.2 Correction at order O(ǫ6)
In this section we extend the above computation to order O(ǫ6). This means that we need the
expansions of parameters entering the fluctuations Lagrangian to higher order. Denoting by δ
the corrections due to the next order contributions to various parameters needed, we obtain
the corrections to κ and w
δκ =
(11x2 + 9) ǫ5
64 (x2 + 1)3/2
, δw =
1
256
(
16x6 + 24x4 + 22x2 + 17
)
ǫ6 , (3.38)
the correction to the string solution
δρ =
1
320
ǫ5
(
4 sin4 σ − 25 sin2 σ + 45) sin σ , (3.39)
the corrections to the mixing coefficients
δ(κ sinh ρ) =
ǫ6
(
8x4 + 42x2 + (x2 + 1) (9x2 + 13) cos 2σ + (x2 + 1)
2
cos 4σ + 30
)
sin σ
128 (x2 + 1)3/2
,
δ(w cosh ρ) =
ǫ6
(
16[(2x3 + x)
2
+ 4] + [32(x2 + 2)x2 + 13] cos 2σ + 8 (x2 − 1) cos 4σ − cos 6σ
)
1024
,
and finally the corrections to the masses
δµ2t =
1
256
ǫ6(85 cos 2σ + 32 cos 4σ + 3 cos 6σ − 32), (3.40)
δµ2φ =
1
256
ǫ6(85 cos 2σ + 32 cos 4σ + 3 cos 6σ + 36), (3.41)
δµ2ρ =
1
256
ǫ6(85 cos 2σ + 32 cos 4σ + 3 cos 6σ − 52), (3.42)
δµ2β =
1
64
ǫ6[26 cos 2σ + 3(cos 4σ + 5)] cos2 σ, (3.43)
δµ2F =
1
128
ǫ6[26 cos 2σ + 3(cos 4σ + 5)] cos2 σ . (3.44)
As at order O(ǫ4) we again use the expansion (3.24). At order O(ǫ6) the most difficult term is
TrB3 which requires a double sum over virtual states. However, as usual, the two infinite sums
truncate to a finite sum since we need the products
〈n|B|n′〉 〈n′|B|n′′〉 〈n′′|B|n〉 (3.45)
which are non vanishing only when the three conditions
|n− n′| ≤ 2, |n′ − n′′| ≤ 2, |n′′ − n| ≤ 2, (3.46)
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are all satisfied.
Let us write again the result us
Γ1 = − T
4 π
+X(4) ǫ4 +X(6) ǫ6 +O(ǫ8), (3.47)
κE1 =
Γ
T = −
1
4 π
X(4) ǫ4 − 1
4 π
X(6) ǫ6 +O(ǫ8). (3.48)
The correction X(6) takes the form
X(6) =
∫ ∞
−∞
dω
∑
n∈Z
X(6)n (ω). (3.49)
Again, it is crucial that we first compute the infinite sum
X(6)(ω) =
∑
n∈Z
X(6)n (ω), (3.50)
and only as a final step integrate over ω.
The sum can be done exactly, and the explicit value of the sum X(6)(ω) is a polynomial in
x2
X(6)(ω) = X(6,0)(ω) +X(6,2)(ω) x2 +X(6,4)(ω) x4 +X(6,6)(ω) x6, (3.51)
where
X(6,0)(ω) = −π
3 (12ω4 + 5ω2 + 5) coth3(πω)
24ω3
+ coth(π ω)×
π (192π2ω10 + 464π2ω8 + (−411 + 432π2)ω6 + (−746 + 240π2)ω4 + (−499 + 80π2)ω2 − 120)
384ω5 (ω2 + 1)2
+
−π
2 (192ω6 + 473ω4 + 379ω2 + 120) csch2(πω)
384ω4 (ω2 + 1)
− 15
16 (ω2 + 1)
− 269
192 (ω2 + 4)
+
257
192ω2
+
+
37
8 (ω2 + 1)2
+
517
192 (ω2 + 4)2
− 2
(ω2 + 1)3
+
299
192ω4
+
5
6ω6
, (3.52)
X(6,2)(ω) = −π
3 (6ω4 + ω2 + 2) coth3(πω)
6ω3
+ coth(π ω)×
π (192π2ω10 + 416π2ω8 + (−147 + 320π2)ω6 + 4 (−69 + 40π2)ω4 + (−273 + 64π2)ω2 − 96)
192ω5 (ω2 + 1)2
+
−π
2 (35ω4 + 59ω2 + 32) csch2(πω)
64ω4 (ω2 + 1)
− 41
16 (ω2 + 1)
− 31
32 (ω2 + 4)
+
39
32ω2
+
65
8 (ω2 + 1)2
+
+
91
32 (ω2 + 4)2
− 3
(ω2 + 1)3
+
97
96ω4
+
4
3ω6
, (3.53)
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X(6,4)(ω) =
π3 (−12ω4 + 7ω2 + 5) coth3(πω)
24ω3
+
π (24π2ω6 − 14π2ω4 − (3 + 10π2)ω2 + 15) coth(πω)
48ω5
+
+
π2 (4ω4 − ω2 + 5) csch2(πω)
16ω4
− 3
2 (ω2 + 1)
+
1
4ω2
+
4
(ω2 + 1)2
+
− 1
(ω2 + 1)3
− 1
6ω4
− 5
6ω6
, (3.54)
X(6,6)(ω) =
π3 (3ω2 + 1) coth3(πω)
12ω3
+
π (−6π2ω4 + (3− 2π2)ω2 + 3) coth(πω)
24ω5
+
+
π2 (2ω4 + ω2 + 1) csch2(πω)
8ω4
− 1
4ω2
− 1
2ω4
− 1
3ω6
. (3.55)
We present details of the computation of the ω-integrals in Appendix B. It is remarkable that
again the integrals can be done exactly. The result is finite as expected from the expansion
about any string solution [18]. Collecting the result from all terms we obtain
X(6) =
∫ ∞
−∞
dω
[
X(6,0)(ω) +X(6,2)(ω) x2 +X(6,4)(ω) x4 +X(6,6)(ω) x6
]
= π
[
1343
1024
− 179
192
ζ3 − 5
8
ζ5 +
(
499
512
− 49
96
ζ3 − ζ5
)
x2 +
+
(
1
8
− 17
24
ζ3 +
5
8
ζ5
)
x4 +
(
−1
2
− 1
4
ζ3 +
1
4
ζ5
)
x6
]
. (3.56)
We need now to express the result in terms of fixed u and expand in small S. The expression
of κ in this limit is
κ =
√
u+ 2
√
S − 2u+ 5
4
√
u+ 2
S 32 + 123 + 2u(83 + 38u+ 6u
2)
32(u+ 2)
3
2
S 52 +O(S 72 ) . (3.57)
Replacing back x = J
ǫ
in the 1-loop correction result (3.48,3.56), then replacing everything
in terms of the fixed u and using the expression for ǫ in (2.10) and κ in (3.57) we obtain the
the 1-loop correction to the energy (expanding in small S)
E1 =
41− 8u(u− 1)− 32ζ(3)
32
√
u+ 2
S 32 + A0 + A1u+ A2u
2 + A3u
3 + A4u
4
1536(u+ 2)
3
2
S 52 +O(S 72 ) . (3.58)
where
A0 = −7566 + 5344ζ(3) + 3840ζ(5), A1 = −10671 + 7504ζ(3) + 4992ζ(5),
A2 = −4425 + 3408ζ(3) + 576ζ(5), A3 = −96 + 736ζ(3)− 672ζ(5),
A4 = 192 + 96ζ(3)− 96ζ(5) . (3.59)
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This result is the 1-loop correction to the classical energy (2.11). In the small u limit the
correction becomes
E1 = S 32
[
41
32
√
2
− ζ(3)√
2
+
J 2
S
(
ζ(3)
4
√
2
− 9
128
√
2
)
+O(
J 4
S2 )
]
+ S 52
[
− 1261
512
√
2
+
167ζ(3)
96
√
2
+
5ζ(5)
4
√
2
+
J 2
S
(
− 3331
2048
√
2
+
437ζ(3)
384
√
2
+
11ζ(5)
16
√
2
)
+O(
J 4
S2 )
]
+O(S 72 ) . (3.60)
This represents the 1-loop correction to (2.15). It is obvious that the structure of the classical
expression (2.15) in this limit is preserved at the quantum level.
Let us consider the limit of the 1-loop correction in large u limit. Writing this correction
together with the classical expression (2.16) we obtain
E = E0 + E1 = J
(
1 +
√
λ
S
J2
(
1 + 0)− λ S
2
2J4
(1 + 0) +O(
S3
J6
)
)
− 1
4
J3
λ
3
2
+
JS
2
√
λ
(
1 +
1√
λ
+O(
1
λ
)
)
+
S2
4J
[
1 +
(21
8
− 4ζ(3)) 1√
λ
+O(
1
λ
)
]
+O(
S4
J5
)
+
2 + ζ(3)− ζ(5)
16
J5
λ
5
2
− SJ
3
8λ
3
2
[
1 +
(7
2
− 7ζ(3)
3
+ 2ζ(5)
) 1√
λ
+O(
1
λ
)
]
− S
2J
4λ
[
1 +
(899
128
− 5ζ(3)− 39
8
ζ(5)
)
+O(
1
λ
)
]
+O(
S3
J
) (3.61)
where the first line is just the classical energy coming from the leading flat-space type energy.
The zeros indicate that that part does not receive quantum corrections. We observe the fact
that in contrast to the small u limit, now the structure of the 1-loop corrections is different
than that at the classical level by terms like J3λ−
3
2 , J5λ−
5
2 , ..., which start appearing at 1-loop.
As was already mentioned, this is not a BMN type expansion since here a different limit is
considered.
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Appendix A: Separate contributions to X(4,a) and finiteness
Each term X(4,a) can be written as the sum of four contributions
X(4,a) = X
(4,a)
ψ +X
(4,a)
β +X
(4,a)
Φ +X
(4,a)
Q , (A.1)
which come from fermions, decoupled bosons βi and Φ ≡ (ϕ, χs), and coupled three bosons
Q. All the contributions take into account the sign from Fermi-Bose statistics as well as the
multiplicity of the various fields. The separate contributions are
A.1 X(4,0)
X
(4,0)
ψ = −
π2csch2(πω)
2ω2
− π (6ω
4 + 9ω2 + 2) coth(πω)
4ω3 (ω2 + 1)
− 1
4 (ω2 + 4)
+
7
4ω2
+
1
ω4
,
X
(4,0)
β =
π2csch2(πω)
2ω2
+
π (3ω4 + 6ω2 + 2) coth(πω)
4ω3 (ω2 + 1)
+
1
4 (ω2 + 4)
− 1
ω2
− 1
ω4
,
X
(4,0)
Φ = 0,
X
(4,0)
Q =
π2 (ω2 + 1) csch2(πω)
2ω2
+
π (6ω4 + 11ω2 + 4) coth(πω)
8ω3 (ω2 + 1)
+ (A.2)
− 1
8 (ω2 + 1)
+
7
16 (ω2 + 4)
− 11
8ω2
− 1
(ω2 + 1)2
− 1
ω4
.
The IR ω = 0 singularities cancel in all separate terms as a consequence of the zero mode
projection. The UV large ω behaviour is instead
X
(4,0)
ψ ∼ −
3π
2ω
+ . . . , X
(4,0)
β ∼
3π
4ω
+ . . . , X
(4,0)
Φ ∼ 0, X(4,0)Q ∼
3π
4ω
+ . . . , (A.3)
with UV finiteness X(4,0) ∼ O(ω−2).
A.2 X(4,2)
X
(4,2)
ψ = −
2π2csch2(πω)
ω2
− 2π coth(πω)
ω3
+
4
ω4
, (A.4)
X
(4,2)
β =
π2csch2(πω)
ω2
+
π coth(πω)
ω3
− 2
ω4
,
X
(4,2)
Φ = 0,
X
(4,2)
Q =
π2csch2(πω)
ω2
+
π coth(πω)
ω3
− 1
(ω2 + 1)2
− 2
ω4
. (A.5)
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The IR ω = 0 singularities cancel in all separate terms as a consequence of the zero mode
projection. The UV large ω behaviour is at least O(ω−2) for all terms and UV finiteness is
assured.
A.3 X(4,4)
X
(4,4)
ψ = −
2π2csch2(πω)
ω2
− 2π coth(πω)
ω3
+
4
ω4
, (A.6)
X
(4,4)
β =
π2csch2(πω)
2ω2
+
π coth(πω)
2ω3
− 1
ω4
,
X
(4,4)
Φ =
π2csch2(πω)
ω2
+
π coth(πω)
ω3
− 2
ω4
,
X
(4,4)
Q = −
π2 (ω2 − 1) csch2(πω)
2ω2
+
π coth(πω)
2ω3
+
1
2ω2
− 1
ω4
.
The IR ω = 0 singularities cancel in all separate terms as a consequence of the zero mode
projection. The UV large ω behaviour is at least O(ω−2) for all terms and UV finiteness is
assured.
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B Analytical evaluation of the ω integrals
We want to compute general integrals of the form∫
R
dω f(ω), (B.1)
where f(ω) is in the class of the various X(a,b) contributions, i.e. rational functions of ω
times possible coth(πω) or cshc(πω) factors. The rational functions have possible poles at
ω = ±i,±2 i. The general recipe that we now discuss works for all the cases of interest.
We split f(ω) as
f(ω) = f0(ω) + f1(ω), (B.2)
where f0(ω) has a vanishing integral over the upper half circumference
Γ+ = {Rei ϑ, 0 ≤ ϑ ≤ π}, (B.3)
in the R → +∞ limit, and f1(ω) is uniquely identified by looking at the large ω behaviour of
f(ω) as shown in the examples. Both f0,1 are taken to be regular at ω = 0 by addition and
subtraction of a suitable pole at ω = 0.
After this splitting, by contour deformation, we immediately obtain
∫
R
dω f(ω) = 2 π i
∞∑
n=1
Resω=i nf0(ω)−
∫
Γ+
dω f1(ω). (B.4)
In all cases, we can write f1(ω) = F
′
1(ω) for a simple function F1(ω) which can be given in
closed form. Therefore,
∫
R
dω f(ω) = 2 π i
∞∑
n=1
Resω=i nf0(ω)− F1(−∞) + F1(+∞). (B.5)
We now give the detailed evaluation of X(4,a) and X(6,a).
C.1 X(4,0)
We take
f1(ω) =
1
2
π2csch2(πω)− 1
2ω2
, (B.6)
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and therefore
−
∫
Γ+
dω f1(ω) = −π. (B.7)
The sum over residues is∫
R
dω f0(ω) =
9π
16
+
29π
96
+
∑
n≥3
(3n2 − 4)π
4n3 (n2 − 1) = −
9π
32
+ πζ3. (B.8)
Summing the f1 contribution we get∫
R
dω f(ω) = π
(
−41
32
+ ζ3
)
. (B.9)
C.2 X(4,2) and X(4,4)
The ω-integration of these terms is elementary. We get
X(4,2) =
∫
R
dω
[
− 1
(ω2 + 1)2
]
= −π
2
, (B.10)
and
X(4,4) =
∫
R
dω
[
1
2ω2
− 1
2
π2csch2(πω)
]
=
∫
R
dω
d
dω
[
1
2
π coth(πw)− 1
2w
]
= π. (B.11)
C.3 X(6,0)
We take
f1(ω) =
1
ω2
− 1
2
π2(πω coth(πω) + 1)csch2(πω), (B.12)
and therefore
−
∫
Γ+
dω f1(ω) =
3π
2
. (B.13)
The sum over residues is∫
R
dω f0(ω) = −65π
48
− 1765π
3072
+
∑
n≥3
(−71n4 + 59n2 + 120)π
192n5 (n2 − 1) = −
193π
1024
− 179
192
πζ3 − 5
8
πζ5.
Summing the f1 contribution we get∫
R
dω f(ω) = π
(
1343
1024
− 179
192
ζ3 − 5
8
ζ5
)
. (B.14)
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C.4 X(6,2)
We take
f1(ω) =
1
ω2
− π3ω coth(πω)csch2(πω), (B.15)
and therefore
−
∫
Γ+
dω f1(ω) = π. (B.16)
The sum over residues is∫
R
dω f0(ω) = −245π
192
− 569π
1536
−
∑
n≥3
(31n4 + 47n2 − 96) π
96n5 (n2 − 1) = −
13π
512
− 49
96
πζ3 − πζ5. (B.17)
Summing the f1 contribution we get∫
R
dω f(ω) = π
(
499
512
− 49ζ3
96
− ζ5
)
. (B.18)
C.5 X(6,4)
We take
f1(ω) =
1
4ω2
− 1
4
π2csch3(πω)(2πω cosh(πω)− sinh(πω)), (B.19)
and therefore
−
∫
Γ+
dω f1(ω) = 0. (B.20)
The sum over residues gives the final result∫
R
dω f0(ω) =
π
24
+
∑
n≥2
(15− 17n2) π
24n5
= π
(
1
8
− 17ζ3
24
+
5ζ5
8
)
. (B.21)
C.6 X(6,6)
We take
f1(ω) =
1
4
π2csch2(πω)− 1
4ω2
, (B.22)
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and therefore
−
∫
Γ+
dω f1(ω) = −π
2
. (B.23)
The sum over residues is∫
R
dω f0(ω) = −
∑
n≥1
(n2 − 1)π
4n5
= −1
4
πζ3 +
1
4
πζ5. (B.24)
Summing the f1 contribution we get∫
R
dω f(ω) = π
(
−1
2
− ζ3
4
+
ζ5
4
)
. (B.25)
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